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NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

TECHNICAL REPORT R-151 

A STUDY OF GUIDANCE TO REFERENCE TRAJXCTORIES FOR 

LlFTLNG “TRY AT SUPERCIRCULAR VELOCITY 

By Rodney C .  Wingrove 

This repor t  presents an analysis  of t h e  guidance of l i f t i n g  vehicles  
onto a reference t r a j e c t o r y  during atmosphere entry.  Various reference 
t r a j e c t o r i e s  and various input quant i t ies  t o  govern l i f t  var ia t ions  a r e  
considered. A guidance method i s  developed which uses t h e  four -s ta te  
var iables  of a t r a j e c t o r y  as follows: Velocity i s  made the  independent 
var iab le  and the  e r r o r s  i n  t h e  r a t e  of climb, acceleration, and range 
r e l a t i v e  t o  t h e  reference govern the  l i f t .  A l inear ized  form of the  motion 
equations i s  used t o  show t h a t  t h i s  method represents a third-order control 
system. F i r s t -  and second-order terms (rate-of-climb and accelerat ion 
inputs)  a r e  shown t o  determine t h e  en t ry  corridor depth by s t a b i l i z i n g  
t h e  t r a j e c t o r y  so  t h a t  t h e  vehicle  does not skip out of the atmosphere or 
does not exceed a specif ied accelerat ion l i m i t .  The destabi l iz ing e f f e c t  
t h a t  range input ( t h e  third-order control  term) can have i s  i l l u s t r a t e d  
and the  r e s u l t s  indicate  t h a t  a low value of range input gain must be used 
a t  the  high supercircular v e l o c i t i e s  while la rger  values can be used a t  
lower v e l o c i t i e s .  

The usable corr idor  depth and range capabi l i ty  with t h i s  guidance 
system a r e  presented f o r  a l i f t i n g  capsule (L/D = 0.5) entering the  atmos- 
phere a t  a ve loc i ty  40 percent above l o c a l  c i r c u l a r .  
a t ta inable  downrange increment of about 1,000 miles within a 25-mile entry 
corr idor  and 2,000 miles within a 10-mile corr idor  when a moderate range 
input gain i s  used only a t  v e l o c i t i e s  below l o c a l  c i rcu lar .  The range 
increment i s  increased t o  about 3,000 miles within a 25-mile corridor and 
4,000 miles within a 10-mile corr idor  when, i n  addition, a s m a l l  range 
input gain i s  used above c i r c u l a r  ve loc i ty .  

The r e s u l t s  show an 

INTRODUCTION 

Current and fu ture  space-f l i g h t  pro jec ts  require t h e  development of 
en t ry  guidance methods applicable t o  vehicles  entering t h e  Earth’s atmos- 
phere a t  supercircular  v e l o c i t i e s .  These methods must guide t h e  vehicle 
t o  a predetermined dest inat ion and insure t h a t  accelerat ion and heating 
limits a r e  not exceeded. Various en t ry  guidance and control  methods have 
been considered (e.g. ,  r e f s .  1 through 11). 
solut ions t o  t h e  reentry guidance problem, they do not analyze i n  d e t a i l  

Although these s tudies  present 



how the control parameters influence the reentry guidance system. 
the purpose of this report to demonstrate, by means of control system 
analysis techniques, the influence of various control parameters upon the 
trajectory motion (see also ref. 12). A simple guidance technique based 
on a reference trajectory and moderate lift variations will be developed 
from these factors, and a linearized form of the entry motion equations 
will be used to describe mathematically the trajectory dynamics. 

It is 

These guidance methods will be applied to a vehicle with a maximum 

As shown in references, such as 13 and 14, 
L/D of 0.5 entering the earth's atmosphere at a velocity 40 percent above 
local satellite velocity. 
entries, beginning at supercircular velocity, require that the lift be 
controlled to prevent the vehicle from skipping out of the atmosphere or 
exceeding a given acceleration limit. Methods for controlling lift to 
satisfy these constraints and to reach a desired landing site will be con- 
sidered. The effect of the reference trajectory on acceleration and 
skip-out boundaries and also on maximum range capability will be 
investigated. 

NOTATION 

A horizontal acceleration, g units 

4 resultant acceleration, A 

CD 

D 

m 

r 

R 

D drag coefficient, 
(1/2) pv2s 

drag force, lb 

local gravitational acceleration, ft/sec2 

altitude, ft 

rate of climb, fps 

gain constants 

lift force, lb 

mass of vehicle, slugs 

distance from planet center, ft 

downrange value along local great circle route in space, 
statute miles 
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U 

v 
W 

Z 

Z' 

Z" 

13 

Y 

P 

Wn 

ref 

1 

2 

0 

surface area on 

circumferential  
f t / s e c  

which drag coef f ic ien t  i s  based, f t 2  

v e l o c i t y  component normal t o  radius vector, 

U - U dimensionless r a t i o ,  
c i r c u l a r  o r b i t a l  velocity '  @ 

r e s u l t a n t  veloci ty ,  f t / sec  

weight of vehicle,  l b  

dimensionless funct ion of u determined by equation (1) and 
- 

appropriate boundary conditions, pE (g) 6 
f i r s t  der ivat ive with respect t o  U 

second der ivat ive with respect t o  U 

atmospheric densi ty  decay parameter, f t - l  

f l i g h t - p a t h  angle r e l a t i v e  t o  l o c a l  horizontal; posi t ive f o r  
climb 

atmosphere density,  slugs/cu f t  

roll angle 

la teral  def lect ion angle 

damping f a c t  or 

n a t u r a l  frequency, radia.ns/unit of u 
- 

Subscripts 

respect t o  reference t r a j e c t o r y  

i n i t i a l  value 

f i n a l  value 

value a t  cp = 0 



4 

METBOD OF ANALYSIS 

I n  this sec t ion  t h e  motion equations programmed on t h e  computer w i l l  
first be s ta ted .  
developed t o  i l l u s t r a t e  control  f a c t o r s  t h a t  influence t h e  system response. 
These control  f a c t o r s  will then be considered i n  choosing a s u i t a b l e  method 
f o r  guiding t o  a reference t r a j e c t o r y .  

Then a l i n e a r  form of these motion equations w i l l  be 

Trajectory Equations 

The analysis  i s  based on analog computer solut ions of Chapman's 
approximate equation of en t ry  motions ( r e f .  15) .  
aids  i n  t h e  recognition of f a c t o r s  important t o  t r a j e c t o r y  control  and 
allows simplified computer prograrmning. 
i n  t h i s  study i s  

This s implif ied equation 

Chapman's basic  equation as used 

A block diagram of t h e  analog computer set-up of this equation i s  
i l l u s t r a t e d  i n  f igure  1. 

The i n i t i a l  conditions f o r  solut ion of equation (1) on t h e  analog 
computer a r e  t h e  i n i t i a l  en t ry  conditions as follows: 

The various quant i t ies  used by the  control  system a r e  shown i n  f igure  1 
and a r e  expressed as functions of Z,  Z',  a n d T  as follows: 

Rate of climb 
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Horizontal accelerat ion 

A = -&Z, g units 

Downrange 
- 
U 1  

1. dE, s t a t u t e  miles r 
5280 f i  L2 z R =  (7) 

The computation of crossrange normal t o  t h e  plane of the  t r a j e c t o r y  w a s  
taken from Slye's approximation ( r e f .  16) as follows: 

dG, s t a t u t e  miles r Crossrarnge = 

where 

- d4f = -I(') 1 L  s i n  cp 
dii U 0 

(9) 

These equations apply t o  any planetary atmosphere. I n  this  study 
the  p a r t i c u l a r  constants f o r  the  ear th  a re  
and r = 2.2l5X1O7 f t  (4,000 mi les ) .  

= 30, f i  = 25,800 fps,  

The accuracy of Chapman's Z function method has been established 
by comparison with a more exact numerical calculat ion ( r e f s .  2, 13, 15) .  
The l imi ta t ions  of t h e  Z function method a r e  described i n  a e t a i l  i n  
reference 15, but a r e  outlined here f o r  convenience: 

1. Drag during en t ry  must be large enough t h a t  dr / r  << du/u. F o r  
a f i rs t  approximation, this i s  t h e  case f o r  reentry bodies a t  
a l t i t u d e s  up t o  approximately 3OO,OOO f e e t .  

2. Atmosphere densi ty  v a r i e s  exponentially with a l t i t u d e .  

3.  The en t ry  i s  s u f f i c i e n t l y  shallow t h a t  cos y = 1, s i n  y = y ;  
L/D t a n  y and t m 2 y  can be disregarded compared with unity.  

4. The e a r t h  i s  cy l indr ica l  and nonrotating. (The "flat earth" 
approximation has been shown i n  reference 16 t o  be very good up 
t o  1,000 miles crossrange.) 

5 .  Vehicle ~ /CDS i s  a constant. These r e s u l t s  therefore  apply t o  
those vehicle  configurations i n  which there  a r e  e s s e n t i a l l y  no 
drag changes with l i f t ,  as i n  t h e  case where roll angle i s  used 
t o  control  t h e  component of normal force i n  t h e  v e r t i c a l  plane. 
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Linearized Entry Equations 

Equation (1) i s  nonlinear and therefore  does not allow t h e  use of 
standard control system analysis  techniques. 
techniques and obtain an approximate descr ipt ion of t h e  en t ry  t r a j e c t o r y  
motions, a l inear ized t r a j e c t o r y  equation w a s  derived from the  Chapman 
equation. This derivation i s  presented i n  t h e  appendix. The l inear ized  
equation w i l l  be used throughout t h i s  report  t o  describe, i n  an approximate 
fashion, the  e f f e c t  of various control  quant i t ies  on t h e  t r a j e c t o r y  motions. 
The l inear ized  equation, taken from t h e  appendix, corresponding t o  equa- 
t i o n  (1) is:  

To use l i n e a r  analysis  

The A terms represent l i n e a r  deviations from the  reference t r a j e c t o r y .  

T h i s  l i n e a r  equation can be used t o  a i d  i n  t h e  recognition of f a c t o r s  
important i n  t r a j e c t o r y  control.  
t r a t e s  these f a c t o r s .  
d i f f e r e n t i a l  equation i n  e i t h e r  a l t i t u d e ,  temperature, o r  accelerat ion 

The following simplified sketch i l l u s -  
The equation of motion i s  seen t o  be a second-order- 

L i f t  
var ia t ion  

Rate of c l imb Alti tude 
accelerat ion r a t e  accelerat ion 
temperature r a t e  temperature 

Range 

along t h e  t r a j e c t o r y .  
considered i n  this report  It i s  important t o  examine t h e  
loops inherent i n  t h e  motion equation shown i n  the  sketch. 
f i  (1 - E2)/A&f,, corresponds t o  the  spring constant of the  second-order 
d i f f e r e n t i a l  equation, and, therefore,  it determines the  n a t u r a l  frequency 
of the  t r a j e c t o r y  o s c i l l a t i o n s .  
E, i s  l e s s  than 1 ( l o c a l  c i r c u l a r  ve loc i ty) ,  but it i s  destabi l iz ing when 
ve loc i ty  i s  grea te r  than 1. 
term t h a t  adds damping t o  t h e  t r a j e c t o r y  o s c i l l a t i o n s .  

(Temperature i s  not used f o r  t h e  control  systems 
(see  r e f .  l ) . )  

The upper loop, 

This loop i s  s t a b i l i z i n g  when veloci ty ,  

The lower loop, l/C, i s  a f i r s t - o r d e r  damping 
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This simplif ied representat ion of t h e  dynamics gives some insight  
i n t o  t h e  terms a l i f t  control  system should incorporate. For instance, 
l i f t  v a r i a t i o n  control led by range measurements represents a third-order 
function with respect t o  ve loc i ty .  It can be reasoned t h a t  this s y s t e m  
l i k e  any other  c l a s s i c a l  third-order system of control,  needs first- and 
second-order feedback terms f o r  good dynamic response. The f i r s t - o r d e r  
term in this case can be represented by t h e  rate of change of a l t i t u d e ,  
acceleration, o r  temperature and t h e  second-order term can be represented 
by t h e  value of a l t i t u d e ,  acceleration, o r  temperature. It appears t h a t  
simple entry control  techniques can be conceived from these system dynamics 
As an example, t h e  control  technique described in t h e  following sect ion 
w i l l  be  used in t h i s  report  t o  i l l u s t r a t e  these fac tors .  

Control Method 

The control  technique used i n  this report  i s  t h e  method of guiding 
t o  a reference t r a j e c t o r y .  A s  pointed out previously, the  t a r g e t  motion 
i s  described by t h e  four -s ta te  var iables ,  veloci ty ,  E, r a t e  of change of 
a l t i t u d e ,  6, acceleration, A, and range, R .  I n  t h i s  invest igat ion,  veloc- 
i t y ,  U, i s  t h e  independent var iable ,  and the  e r rors  i n  h, A, and R away 
f r o m t h e  reference t r a j e c t o r y  a r e  used t o  govern l i f t  i n  t h e  following 
manner: 

L/D = (L/DIref + K1& + KzAA + y3aR 

where (L/D)ref 
reference t ra jec tory ,  and t h e  e r r o r  quant i t ies  
deviations of t h e  measured var iab les  from t h e i r  calculated values on t h e  
reference t r a j e c t o r y  a t  t h e  same veloci ty ,  u. Figure 2 i s  a block diagram 
which i l l u s t r a t e s  t h i s  control  method. It i s  important t o  note from the  
previous sect ion t h a t  t h i s  control  method uses t h e  difference i n  range 
from t h a t  of the  reference t r a j e c t o r y  as t h e  third-order  feedback term, 
with the e r r o r s  i n  accelerat ion and i n  r a t e  of climb used as second- and 
f i r s t  -order feedback terms. 

i s  t h e  l i f t - d r a g  r a t i o  function used t o  generate t h e  
A, M, and aR a r e  the 

- 

The reference t r a j e c t o r i e s  i n  this report  a r e  obtained by the  
following L/D control  funct ion:  

The choice of this p a r t i c u l a r  L/D 
t r a j e c t o r y  w i l l  be discussed f u l l y  in t h e  t e x t ;  this function s implif ies  
t h e  f u l l  control  equation t o :  

function t o  describe t h e  reference 

L/D = ~,ii + K ~ A A  + GAR 

I n  subsequent sect ions of this report  t h e  t r a j e c t o r y  dynamics t h a t  r e s u l t  
from control  of L/D 
equation w i l l  be considered in d e t a i l .  

by various combinations of t h e  three  terms i n  this 
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Simulation Details 

Equation (1) describes t h e  reent ry  t r a j e c t o r y  i n  terms of the  
independent var iab le  Ti ins tead  of t h e  more conventional independent 
var iable  t ( t ime) .  Since an e lec t ronic  analog computer w a s  used t o  solve 
the  t r a j e c t o r y  equation, it w a s  necessary t o  def ine a re la t ionship  between 
t h e  r a t e  of in tegra t ion  of t h e  computer and the  independent var iable  dE. 
An in tegra t ion  r a t e  w a s  chosen i n  which one second w a s  equal t o  a di7 of 
-0.1. The i n i t i a l  conditions used were U = 1 . 4  and Z = 0.004, corre- 
sponding t o  an entrance v e l o c i t y  of about 36,000 f p s  and an i n i t i a l  
accelerat ion of O.l7g. The L/D limits f o r  t h e  vehicle  were chosen as 
k0.5. 

To obtain the  s t a t e  var iable  of a p a r t i c u l a r  reference t ra jec tory ,  
a second solut ion of equation (1) was  run simultaneously with t h e  reference 
entrance conditions and a reference L/D program. Hence, during t h e  
simulated run, the  reference value of a given feedback s igna l  w a s  a v a i l -  
able f o r  comparison with t h e  a c t u a l  value, thereby giving t h e  e r r o r  s igna l  
t o  be used i n  feedback control .  

RESULTS AND DISCUSSION 

Chapman ( r e f .  13) has shown t h a t  a vehicle  re turning t o  t h e  Earth 
a t  supercircular v e l o c i t y  must be guided i n t o  a safe  en t ry  corr idor .  
Figure 3 i l l u s t r a t e s  t h e  corr idor  depth which i s  t h e  dis tance between t h e  
conic perigee of t h e  overshoot boundary (beyond which the  vehicle  w i l l  
skip out of the  atmosphere) and t h e  undershoot boundary (beyond which t h e  
vehicle  w i l l  exceed i t s  specif ied accelerat ion l i m i t ) .  An a l t e r n a t e  way 
t o  describe this safe  en t ry  corr idor  i s  i n  terms of t h e  i n i t i a l  entrance 
angles f o r  the  two boundary t r a j e c t o r i e s .  I n  this  study t h e  i n i t i a l  
entrance angle i s  used t o  specify t h e  t r a j e c t o r y .  

The use of f irst-  and second-order inputs  (h, and A)  t o  control  t h e  
t r a j e c t o r y  over a s a t i s f a c t o r y  corr idor  depth w i l l  f irst be discussed. 
Then the  e f f e c t  of third-order  range inputs  and t h e  manner i n  which they 
should be employed w i l l  be discussed. M a x i m u m  values of downrange and 
crossrange avai lable  when t h e  reference t r a j e c t o r y  control  method i s  used 
w i l l  be shown. 

Trajectory S t a b i l i z a t i o n  

Trajectory s t a b i l i z a t i o n  i s  here defined as t h e  damping of vehicle 
motion about a specif ied design t r a j e c t o r y .  
limits of permissible t r a j e c t o r y  o s c i l l a t i o n  were establ ished as those 
points  a t  which t h e  vehicle  w i l l  e i t h e r  skip back out of the  atmosphere 
(A  
examples). 

It should be noted t h a t  t h e  

-O.O5g) or exceed a given accelerat ion limit ( A  = -lOg i n  most given 
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Rate damping.- The control  function considered f o r  r a t e  damping of 
t h e  en t ry  t r a j e c t o r y  i s  

L/D = K ~ &  

Figure 4 i l l u s t r a t e s  t y p i c a l  reentry t r a j e c t o r i e s  i n  which L/D i s  
controlled as a funct ion of t h e  rate of climb. The p l o t  of accelerat ion 
versus ve loc i ty  ( f i g .  & ( a ) )  w a s  obtained from the  solut ion of equation (1). 
The corresponding range, comand 
sented i n  f igures  4 ( b ) ,  4 (c) ,  and 4 ( d ) .  
drag loading W/C+ of 48 psf has been used. 

L/D, and a l t i t u d e  var ia t ions  a r e  pre- 
I n  t h e  computation of a l t i t u d e  a 

This f i g u r e  ind ica tes  the  entrance angle l i m i t s  within which a safe  
An entrance angle of -3.97' w i l l  cause the  vehicle  t o  

This skip-out entrance angle i s  considerably 
entry can be made. 
skip out of t h e  atmosphere. 
g rea te r  than t h e  skip-out entrance angle of 
when L/D i s  held constant a t  -0.5. The s teepest  possible entrance angle 
( y  = -6.0' i n  t h e  f i g u r e )  i s  determined by t h e  m a x i m u m  acceleration l i m i t  
of -1Og. This r e a l i s t i c  accelerat ion l i m i t  f o r  humans ( r e f .  17) has been 
used i n  t h i s  report  i n  defining usable corr idor  depths. 

y = -2.2', which r e s u l t s  

The t r a j e c t o r i e s  i l l u s t r a t e d  i n  f i g u r e  4 have a given value of h 
feedback gain, K1. 
shown i n  f igure  5 .  
t o  a nonlinear scale  so  t h a t  corr idor  depth i n  miles may be obtained by 
l i n e a r  in te rpola t ion .  
L/D = 0, there  i s  an avai lable  corridor depth of about 8 miles.  
i n f i n i t e  feedback gain ( i . e . ,  L/D = +O.5 when 
when 1; 
of 40 miles avai lable  t o  t h e  vehicle  i f  controlled i n  an optimum manner. 

Control gain a f f e c t s  t h e  entrance angle l i m i t s  as 
It should be noted t h a t  t h e  entrance angle i s  p lo t ted  

It i s  seen t h a t  with zero feedback gain, and thus 

li i s  negative; L/D = -0.5 
i s  pos i t ive) ,  the  avai lable  corr idor  depth i s  about 30 miles out 

W i t h  

A s  mentioned previously t h e  design reference t r a j e c t o r i e s  a r e  Tor 
t h e  L/D 
Five such reference t r a j e c t o r i e s  which d i f f e r  only i n  i n i t i a l  entrance 
angles a r e  shown i n  f igure  6 ;  t h e  rate-of-climb gain, K1, i s  -O.OOl/fps. 
It i s  seen i n  f igure  6 t h a t  
of t h e  t r a j e c t o r y  and the  L/D var ies  t o  s t a b i l i z e  t h e  t r a j e c t o r y .  Near 
t h e  end of t h e  t r a j e c t o r y  t h e  L/D 
value resu l t ing  i n  a t r a j e c t o r y  near t h e  middle of t h e  vehicle 's  subcircular 
maneuvering capabi l i ty .  

function proportional t o  r a t e  of climb ( i . e . ,  L/Dref = Klhref) .  

L/D i s  maximum during the  i n i t i a l  portion 

i s  about one-half the  maximum posi t ive 

Control system with accelezation inputs.-  The use of accelerat ion 
e r r o r  i n  c o n t r o l l i n g  L/D- w a s  invest igated f o r  the  reference t r a j e c t o r i e s  
of f igure  6 .  The control  function f o r  L/D w a s  

where M i s  t h e  difference between t h e  a c t u a l  accelerat ion and t h e  
reference t r a j e c t o r y  accelerat ion at a given veloci ty ,  and (L/D)ref 
t h e  reference value a t  a given ve loc i ty  along t h e  t r a j e c t o r y .  
Figure 7 i l l u s t r a t e s  the  e f f e c t  of K2 on t h e  accelerat ion e r r o r  for a 

i s  
L/D 
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typical controlled trajectory. The actual acceleration is seen to 
oscillate about the reference value. The characteristics of the motion 
resulting from L/D 
be approximated by linearized analysis (appendix) as follows: 

correction as a function of acceleration errors can 

Damping 

- 1 radians 
25% -3 unit of E 

Natural frequency 

This linear analysis does not take account of the 
is imposed; however, for small oscillations about the reference trajectory, 
and for a finite value of K2, the linearized equation gives a good 
description of the motion (see appendix). 
acceleration feedback term is shown to be analogous to a spring restoring 
term in a classical second-order system. As shown in figure 7, the fre- 
quency of oscillation increases with the gain, K2. The oscillation fre- 
quency shown in this figure for trajectory with no acceleration control 
(K2 = 0) is the inherent natural frequency of entry motion and can be 
predicted from the linearized equations. 

L/D = 20.5 limit that 

From the linear analysis the 

The use of acceleration error in controlling to reference trajectories 
4 and 2 is shown in figures 8 and 9, respectively. Control to trajectory 
4 (fig. 8) keeps the vehicle within the atmosphere for any entrance angle 
steeper than the -3.63O skip-out limit. In contrast, acceleration error 
control to trajectory 2 (fig. 9) results in skip-out with entrance angles 
steeper than about -4.4'. 
of entrance angles (from -3.6' to -4.4') for which the controlled tra- 
jectory w i l l  not skip-out. There is skip-out at steeper entrance angles 
because this design trajectory has a low acceleration profile. In other 
words, with a controlled trajectory which passes up through this design 
trajectory there is little margin between the design trajectory acceler- 
ation and zero acceleration at which the vehicle skips out. 

For trajectory 2 there is only a small range 

The corridor limits with each of the five reference trajectories are 
shown in figure 10 as a function of peak acceleration. These corridor 
limits are compared with the idealized corridor limits attainable with a 
vehicle of The entrance angle at which skip-out 
will occur when controlling to each of the various design trajectories is 
also shown in this figure. Two values of feedback gain, K2 = -w and 
K2 = -0.33/g were investigated. With infinite feedback gain, (fig . 10( a) ) , 
the vehicle could be controlled to trajectories 4 and 5, and remain within 
the atmosphere for a wide range of entrance angles. For trajectories 3 
and 2 there is only a small range of entrance angles for which the vehicle 

L/D = kO.3 capability. 
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would s t a y  within t h e  atmosphere; and with t r a j e c t o r y  1 it would remain 
i n  t h e  atmosphere only a t  t h e  design entrance angle.  

With t h e  smaller feedback gain ( f i g .  1 0 ( b ) ) ,  t h e  entrance angle limits 
a re  small f o r  t r a j e c t o r i e s  3 and 2, and again, f o r  reference t r a j e c t o r y  1, 
t h e  vehicle  would s t a y  within t h e  atmosphere only a t  t h e  design entrance 
angle.  

It i s  apparent t h a t  cont ro l  t o  a reference t r a j e c t o r y  with 
accelerat ion e r r o r  alone cont ro l l ing  L/D i s  not s a t i s f a c t o r y  because of 
t h e  o s c i l l a t o r y  nature  of t h e  control led t r a j e c t o r y  and t h e  r a t h e r  l imited 
range of possible  entrance angles f o r  some reference t r a j e c t o r i e s .  

Acceleration and rate-of-climb inputs . -  It can be reasoned t h a t  t h e  
addi t ion of rate-of -climb inputs  might damp undesired osc i l l a t ions  and 
thus provide smoother cont ro l  of t h e  t r a j e c t o r y .  The control  of L/D by 
accelerat ion i n  combination with r a t e  of climb was used i n  the  following 
manner : 

Figure 11 i l l u s t r a t e s  t h e  r e s u l t s  f o r  th is  cont ro l  system. It i s  
pa r t i cu la r ly  evident i n  t h i s  f i gu re  t h a t  r a t e  of climb damps t h e  t r a j e c -  
t o ry .  
t r a j e c t o r y  motion i s  damped, with a small overshoot, by t h e  time the  
vehicle  has reached c i r c u l a r  ve loc i ty  (5 = 1). 

With rate-of-climb feedback gain on t h e  order of -O.OOl/fps, t he  

Again, t h e  cha rac t e r i s t i c s  of t h i s  motion can be approximated by t h e  
l inear ized  analysis  i n  t h e  appendix. 

Damping 

radians 25% = 5 - 25,800 K1, 
U un i t  of E 

Natural frequency 

A s  an example, i f  values of K1 = -0.001/fps, K2 = -0.33/g, and 
E = 1 a re  inser ted  i n  t h e  s implif ied expressions, t h e  computed damping i s  
5 = 0.78. A comparison of t h i s  computed 5 with the  corresponding curve 
i n  f igu re  11 shows good agreement, Thus it i s  f e l t  t h a t  t h e  l inear ized  
expressions of t h e  appendix not only allow a q u a l i t a t i v e  consideration of 
t h e  t r a j e c t o r y  dynamics, but t hey  a l so  give a quant i ta t ive  descr ipt ion of 
ce r t a in  aspects  of t h e  t r a j e c t o r y  dynamics. 



The use of combined accelerat ion and rate-of-climb inputs  w a s  
invest igated with each of t h e  f ive reference t r a j e c t o r i e s  f o r  entrance 
angles within t h e  corr idor .  
t r a j e c t o r y  2 is  shown i n  f i g u r e  12. 
i l l u s t r a t e d ,  t h e  controlled response of t h e  vehicle  is such t h a t  it is  
damped onto the design t r a j e c t o r y  by t h e  time t h e  vehicle’s  speed i s  
below c i r c u l a r  ve loc i ty .  

Typical results f o r  t h e  control  t o  reference 
With t h e  extreme entrance angles 

The corr idor  limits with combined & and LA control  t o  each of t h e  

A s  i n  t h e  previous case these corr idor  limits are 

The entrance angle a t  which skip-out w i l l  occur 

f i v e  design t r a j e c t o r i e s  a r e  i l l u s t r a t e d  i n  f igure  13, as a function of 
t h e  peak accelerat ion.  
compared with t h e  ideal ized corr idor  l i m i t s  a t t a i n a b l e  with a vehicle  of 
L/D = 20.5 capabi l i ty .  
when control l ing t o  each of t h e  various design t r a j e c t o r i e s  i s  a l s o  shown 
i n  this f i g u r e .  There i s  a t rend  i n  these  data  f o r  t h e  corr idor  depth t o  
be narrower for t h e  shallower design t r a j e c t o r i e s .  For example, the  log 
corr idor  depth of t r a j e c t o r y  1 i s  about 33 miles compared with 37 miles 
f o r  t r a j e c t o r y  5 .  

I n  f igure  1 4  i s  a comparison of t h e  usable corr idor  depths as a 
function of the  allowable peak accelerat ion f o r  t h e  control  combinations 
t h a t  have been discussed thus f a r .  These data  a r e  f o r  t h e  control  gain 
values t h a t  give m a x i ”  corridor depth. Acceleration inputs alone allow 
use of almost a l l  the  avai lable  corridor depth f o r  m a x i m u m  accelerat ion 
limits abwe about 7g. For accelerat ion design l i m i t s  below 7g, the  
addition of rate of climb adds t o  t h e  avai lable  corr idor  depth. Using 
r a t e  of climb r e s u l t s  i n  an avai lable  corr idor  depth of about 10 miles 
l e s s  than t h e  maximum available,  independent of the  accelerat ion l i m i t .  
I n  addition t o  these considerations of corr idor  depth, it should be 
r e s t a t e d  t h a t  only with t h e  combined rate-of-climb and accelerat ion inputs 
w i l l  t h e  controlled t r a j e c t o r y  damp onto a design reference t r a j e c t o r y  
over a wide range of entrance conditions. 

Range Control 

The f u l l  L/D control  equation, which includes range input, i s  t h e  
following : 

L/D = (L/D)ref + K1& + K&A + &aR 

The range e r r o r  term, aR, i s  the  difference between a c t u a l  range t o  go 
and the  reference range t o  go as a function of t h e  ve loc i ty  along t h e  
t r a j e c t o r y .  
the  vehicle w i l l  reach t h e  desired des t ina t ion .  
a r e  i d e n t i c a l  t o  those considered i n  t h e  previous sect ion.  

By driving t h i s  e r r o r  t o  zero a t  t h e  end of the  t r a j e c t o r y  
The terms, Kl& and K 2 M ,  

Effect of gains . -  The e f fec t  of range input gain, &, i s  shown i n  
f igure  15 f o r  a given i n i t i a l  range e r ror .  
gain w i l l  not eliminate the  range e r r o r  by t h e  end of t h e  t r a j e c t o r y .  

The use of too  small an input 



On t h e  other  hand, t o o  la rge  a range input gain w i l l  overcontrol t h e  
vehicle  and cause it t o  sk ip  out, as i l l u s t r a t e d  i n  f igure  15 f o r  
& = O.Ol/mile. The choice of a proper degree of range control  i s  a 
compromise between these  two e f f e c t s .  

The e f f e c t  of t h e  other feedback gains (Kl and K2) on range control  
is  shown i n  f i g u r e  16. A s  pointed out previously, with range input t h e  
control  of L/D is e s s e n t i a l l y  a third-order system. As  with any t h i r d -  
order control  system, it w a s  found that including t h e  two inner loop terms 
( i . e . ,  A6 and M)  allows a higher outer loop gain f o r  t i g h t  control .  The 
manner in which t h e  values of K1, K2, and & w i l l  shape t h e  control  system 
response i s  shown i n  f igures  15 and 1 6 .  

I n  order t o  gain a b e t t e r  understanding of these e f fec ts ,  t h e  
l inear ized  expression f o r  t h e  t r a j e c t o r y  motions can be used. From t h e  
appendix t h e  l inear ized  motion equation a t  l o c a l  points  along t h e  t r a j e c -  
t o r y  can be obtained i n  t h e  following manner f o r  the  control  quant i t ies  
considered herein:  

s3 + (I - 25,800 Kl) s2 + 900 e - u2 - Kz) s + 3.6~10~ U K3 
A2ref ASef 

This i s  a l i n e a r  third-order  equation and t h e  standard methods f o r  

= o  

ana - 
lyzing t h i s  type of equation can be used t o  gain insight  i n t o  t h e  control 
dynamics. 
t h e  highest values of range input gain (&) t h a t  can be used without 
causing t h e  motion t o  become unstable.  
Routh's method) i s  t h a t  t h e  system w i l l  be unstable when 

One simple approach i n  looking a t  t h e  dynamics i s  t o  consider 

The s t a b i l i t y  c r i t e r i o n  ( i  .e . ,  

AZ - u2 - Kz) (i - 25,800 K-J.) 

4000 U 
~3 > . .ref-- 

The above expression can be used t o  determine t h e  upper l i m i t  on K3 
and can be used t o  observe t h e  q u a l i t a t i v e  in te rac t ion  of K1, Kz, K.3, and 
u on t r a j e c t o r y  s t a b i l i t y .  The addition of K2 i n  the term, 
- 

CA; ii2 - K2) 
ref  

provides a s t a b l e  response above c i r c u l a r  ve loc i ty .  
magnitude of K1 and K2 w i l l  allow t h e  upper l i m i t  on & t o  increase 
and it i s  important t o  note t h a t  the  upper l i m i t  on & w i l l  increase as 
u decreases. 

Increasing t h e  

- 

To maximize t h e  avai lable  range capabi l i ty  and dr ive t h e  range e r r o r  
t o  zero a t  t h e  end of t h e  t ra jec tory ,  it i s  desirable  t o  have as large a 
value of range input gain & and s t i l l  maintain a margin of system 
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s t a b i l i t y .  
a t  high v e l o c i t i e s  ( i .e . ,  U > 1) and can only be increased a t  lower 
v e l o c i t i e s  ( i . e  ., u < 1). 

From s t a b i l i t y  considerations t h i s  value of gain must be low 

Range -~ limits.- The e f f e c t  of t h e  range input, &aR, t o  t h e  control  
system w i l l  become more pronounced as t h e  value of range error ,  AR, a t  
entrance i s  increased. This i s  i l l u s t r a t e d  in f i g u r e  17 with reference 
t r a j e c t o r y  3 f o r  a constant input gain & and f o r  various values of 
i n i t i a l  range e r r o r .  A skip-out i s  shown f o r  an i n i t i a l  range e r r o r  of 
175 miles.  T h i s  skip-out i s  due t o  t h e  high value of range input k A R  
causing an L/D command which overpowers t h e  t r a j e c t o r y  control  terms, 
K=& and K&A. Diving below t h e  design t r a j e c t o r y ,  i n  order t o  shorten 
range, incurs t h e  hazard of exceeding t h e  accelerat ion l imi t  as i l l u s t r a t e d  
i n  f igure  17. 
t h e  reference range t o  go can be seen t o  c a l l  f o r  deceleration values 
grea te r  than 9g. 

An i n i t i a l  range-to-go value of about 400 miles l e s s  than 

For a constant gain control system, t h e  pos i t ion  along t h e  t r a j e c t o r y  
a t  which t h e  range input i s  commenced w i l l  a l t e r  t h e  permissible i n i t i a l  
range e r rors .  
function of the  ve loc i ty  a t  which t h e  range input term i s  added t o  the  
t r a j e c t o r y  control  terms. As mentioned above, when range input i s  added 
a t  supercircular ve loc i t ies ,  t h e  range e r r o r  i s  l imited by t h e  skip-out 
and deceleration l i m i t s .  A t  a speed j u s t  below s a t e l l i t e  velocity,  t h e  
vehicle cannot skip out and the  maximum avai lable  can be used f o r  
range control .  

Figure 18 presents the  i n i t i a l  range e r r o r  l i m i t s  as a 

L/D 

These data  i n  f i g u r e  18 are  f o r  reference t r a j e c t o r y  3. The range 
increment between t h e  maximum and minimum i n i t i a l  range e r r o r  l i m i t s  from 
f igure  18 i s  compared i n  f igure  19 with those permissible when reference 
t r a j e c t o r i e s  1, 2, and 4 a r e  used. The g r e a t e s t  range i s  obtained with 
t h e  shallow entrance t r a j e c t o r y  (No. 1) and i s  achieved when the  constant 
gain range e r ror  i s  added t o  the  control system a t  j u s t  below c i r c u l a r  
veloci ty .  
i t y  regardless of t h e  v e l o c i t y  a t  which range control  i s  s t a r t e d  because 
of t h e  steeper descent and correspondingly shor te r  t o t a l  range t raveled.  
From these data  f o r  constant range control  gains, it i s  infer red  t h a t  a 
grea te r  degree of range control  i s  possible  f o r  shallow entrance 
t r a j e c t o r i e s .  

With t r a j e c t o r y  4 there  i s  very l i t t l e  change i n  range capabil-  

The maximum downrange l i m i t  considered i n  t h i s  repor t  i s  f o r  the 
t r a j e c t o r y  remaining within the  "sensible atmosphere," usually re fer red  
t o  as a "direct  descent" en t ry  ( r e f s .  18 and 19) . With t h i s  l i m i t ,  the  
maximum achievable range becomes a function of t h e  minimum allowable 
accelerat ion which t h e  vehicle  encounters during entry.  The maximum 
range l i m i t  f o r  "direct  descent" e n t r i e s  can be approximated from equi- 
l ibrium gl ide  a t  maximum L/D as shown i n  f igure  20. The accelerat ion 
along t h i s  t r a j e c t o r y  can be subst i tuted i n t o  the  general  range equation 



t o  give t h e  approximate maximum range 

T h i s  range value i s  s t rongly affected by t h e  minimum accelerat ion the  
vehicle w i l l  encounter. 
f o r  a minimum accelerat ion of -O.O5g (h" = 290,000 f t ) ,  but only 4,700 
miles f o r  -0.5g (h- = 25O,OOO f t ) .  
f igure  21  with t h e  maximum range obtainable with t h e  various reference 
t r a j e c t o r i e s  using constant gain range control  and keeping within 
Amin = -0.O5g. The v e l o c i t y  a t  which range control  i s  s t a r t e d  f o r  each of 
t h e  t r a j e c t o r i e s  corresponds t o  those values shown i n  f igure  19 t o  give 
maximum range. 
and 7,000 miles (for t r a j e c t o r y  1) whereas 9,300 miles range could con- 
ceivably be obtained near equilibrium g l i d e .  
p r a c t i c a l  maximum range decreases with s teeper  entrance angles because a 
large amount of vehicle k ine t ic  energy i s  l o s t  during the  i n i t i a l  steep 
dive i n t o  t h e  atmosphere. 

For example, t h e  maximum range i s  9,300 miles 

This maximum range i s  compared i n  

M a x i m u m  ranges a r e  between 3,000 miles ( f o r  t r a j e c t o r y  4) 

It w i l l  be noted t h a t  

The minimum range obtainable during en t ry  i s  primarily a function of 
t h e  allowable accelerat ion l i m i t .  The absolute minimum range f o r  constant 
accelerat ion can be  obtained from equation (10) as 

From t h e  i n i t i a l  v e l o c i t y  of 
about 400 miles f o r  a -lOg 
constant -5g accelerat ion.  Actual t r a j e c t o r i e s  a r e  not characterized 
by a constant accelerat ion value, but the  aforementioned minimum range 
equation gives an indicat ion of t h e  absolute l i m i t s  t o  be expected. This 
absolute minimum range i s  compared i n  f igure  22 with t h e  minimum ranges 
obtained f o r  t h e  various design t r a j e c t o r i e s .  The minimum ranges obtained 
are  from 1,000 t o  1,500 miles f o r  t r a j e c t o r y  4 and from 2,000 t o  5,500 
miles f o r  t r a j e c t o r y  1, compared t o  an absolute minimum range l i m i t  of 
about 400 miles. 

U l  = 1 . 4 ,  t h e  absolute minimum range i s  
constant accelerat ion and 800 miles f o r  a 

A s  pointed out previously, s t a b i l i t y  considerations d i c t a t e  t h a t  
the  range gain should be low at  the  higher v e l o c i t i e s  and high a t  lower 
v e l o c i t i e s .  To obtain more of t h e  avai lable  range during entry, a two- 
s t e p  range gain w a s  considered i n  t h e  following manner: 

L/D = (L/D)ref + K1& + K 2 M  

+ K3m & = 0 when T i  >, 1 
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The subcircular  range term i s  t h e  same as t h a t  shown previously.  
The supercircular  range term, G'AR, w a s  inves t iga ted  for both a small  
gain constant (& ') and an upper l i m i t  on (& 'AR) so  t h a t  t h e  range term 
would not override t h e  other  terms and cause t h e  vehicle  t o  sk ip  ou t .  
Figure 23 i l l u s t r a t e s  t h e  cont ro l  for maxi" range with and without t h e  
two-step range gain.  
t h e  range term of Ks'AR = 0.1 for above 0.98 were found t o  be satis- 
f ac to ry  with t h i s  t r a j e c t o r y .  T h i s  two-step control-gain system extends 
t h e  m a x F "  range from 4,500 miles t o  3,800 miles .  To ge t  t h i s  range 
extension, t h e  t r a j e c t o r y  is flown c lose r  t o  t h e  skip-out boundary during 
the supercircular  port ion with no increase i n  t h e  m a x i m u m  peak a l t i t u d e .  

A value of K& r = 0.0008/mile and an upper l i m i t  on 
75 

The minimum range i s  presented i n  f i g u r e  24 both with and without 
t h e  two-step range gain.  
miles t o  1,200 miles by t h e  two-step system. 
w a s  achieved by f ly ing  a p r o f i l e  of higher acce lera t ion  a t  supercircular  
ve loc i ty  with no marked increase in t h e  maximum value of acce le ra t ion .  

The mini"  range i s  reduced f rom about 2,100 
T h i s  change i n  minimum range 

The r e s u l t s  f o r  t r a j e c t o r y  2 shown in f i g u r e  25 i l l u s t r a t e  t he  range 
capab i l i t y  t h a t  can be obtained i n  this manner. 
provides a 500- t o  2,000-mile reduction i n  minimum range. Futhermore, 
t he re  i s  a la rge  increase i n  m a x i m  range f o r  t h e  small  en t ry  angles, 
but comparison with t h e  idea l ized  m a x i m u m  range shows t h a t  t he  f u l l  capa- 
b i l i t y  i s  not  achieved. The reason t h e  i d e a l  range is  not obtained i s  
t h a t  t h e  control  becomes sens i t i ve  near  t h e  i d e a l  t r a j e c t o r y  because of 
t he  proximity of t he  skip-out region. About 6 miles of corr idor  depth 
i s  l o s t  by using t h e  added range cont ro l  term for range extension. 

The two-step system 

The range capabi l i ty  added by t h e  two-step cont ro l  gain system f o r  
t r a j e c t o r i e s  3 and 4 is  very s imi la r  t o  t h a t  shown i n  f igu re  25 f o r  t ra-  
jec tory  2.  Two-step gain cont ro l  was invest igated f o r  t r a j e c t o r y  1, but 
s ince t h i s  t r a j e c t o r y  skips  up t o  t h e  edge of t h e  atmosphere, it i s  very 
sens i t i ve  t o  control  during the  i n i t i a l  dive i n t o  t h e  atmosphere. Because 
of this s e n s i t i v i t y  problem, the  second range cont ro l  term (& ' A R )  was not 
used with t r a j e c t o r y  1. 

Crossrange capab i l i t y . -  In f igu re  26, t h e  maximum crossrange 
capabi l i ty  i s  shown as  a funct ion of t h e  ve loc i ty  a t  which cont ro l  i s  
s t a r t e d  f o r  t h e  various reference t r a j e c t o r i e s .  
crossrange capabi l i ty ,  it w a s  assumed t h a t  t h e  vehicle  was trimmed a t  a 
constant value of (L/D), = 0.5 throughout t h e  t r a j e c t o r y .  
w a s  ro l l ed  so t he  t o t a l  l i f t  vector  w a s  posit ioned t o  y i e ld  maximum cross-  
range capabi l i ty  while providing t h e  l i f t  required f o r  downrange cont ro l .  
The roll command was  made according t o  t h e  following equation: 

I n  computing the  maximum 

The vehicle  

desired (L/D) 
t r i m  (L/D), 

command cp = 



i' 

The curves i n  f i g u r e  26 i l l u s t r a t e  t h e  important f a c t  t h a t  f o r  maximum 
crossrange, l a t e r a l  control  must start near t h e  beginning of t h e  t ra jec tory .  
For ent ry  a t  supercircular  veloci ty ,  t r a j e c t o r y  1 which has t h e  la rges t  
downrange capabi l i ty  a l s o  has t h e  la rges t  crossrange capabi l i ty .  A t  
E = 1 a l l  t h e  design t r a j e c t o r i e s  have about +200 miles of avai lable  cross- 
range which, as Slye ( r e f .  16) has shown, i s  t y p i c a l  of a vehicle  with an 
L/D = 0.5 entering t h e  atmosphere from c i r c u l a r  veloci ty .  

Attainable ground area .  - The a t ta inable  ground area f o r  two d i f fe ren t  
corridors,  and when t h e  vehicle  i s  control led t o  design t r a j e c t o r y  2, i s  
shown i n  f igures  27(a) and 27(b). The conics i n  these f igures  represent 
t h e  vacuum t r a j e c t o r i e s  for t h e  extreme ent ry  angles a t  the boundaries of 
t h e  corr idor .  
reached from any e n t r y  angle within t h e  corr idor .  I n  f i g u r e  27(a) with 
t h e  25-mile usable corr idor  for y 1  between -4' and - 6 O ,  t h e  a t ta inable  
ground area i s  about 2,200 miles of downrange and +250 t o  +350 miles of 
crossrange. 
between y 1  = -4' and -5O, t h e r e  are 3,900 miles of downrange and +25O t o  
+550 miles of crossrange avai lable .  The maximum accelerat ion encountered 
with the  25-mile corr idor  i s  log 
mile cor r idor .  These data  i l l u s t r a t e  the  t rade  off between the  specif ied 
corridor depth and a t ta inable  ground area; t h e  l a r g e s t  ground area can be 
a t ta ined  i f  the  e n t r y  can be made within t h e  smallest  specif ied corr idor .  

The shaded area represents t h e  ground area t h a t  can be 

I n  f igure  2!7(b) it can be seen t h a t  for an 11-mile corr idor  

as compared with about 6g for t h e  11- 

A comparison of t h e  avai lable  downrange c a p a b i l i t i e s  of t h e  various 
t r a j e c t o r i e s  with given values of corr idor  depth i s  shown i n  f igure  28. 
These data represent t h e  widest v a r i a t i o n  between maximum and minimum 
range for combinations of entrance angles corresponding t o  t h e  given values 
of corr idor  depth. 
because, as s t a t e d  previously, it skips up t o  t h e  edge of t h e  atmosphere 
and i s  therefore  sens i t ive  t o  range control .  Trajector ies  2, 3, and 4 
with range control  only below c i r c u l a r  ve loc i ty  give about 200 miles of 
range capabi l i ty  for a 35-mile corridor depth and about 1,500 t o  2,500 
miles for t h e  minimum corr idor  depths. 
above c i r c u l a r  ve loc i ty  gives about 1,500 t o  3,000 miles of addi t ional  
range capabi l i ty .  

Trajectory 1 i s  seen t o  give l imited range capabi l i ty  

The use of a two-step range input 

SUMMARY OF RFSULTS 

This report  has shown t h a t  t h e  t r a j e c t o r y  motion with l i f t - d r a g  r a t i o  
controlled during en t ry  can be represented as a third-order function with 
respect  t o  ve loc i ty .  The f i rs t -  and second-order feedback terms determine 
t h e  vehicle 's  usable corr idor  depth f o r  e n t r i e s  from supercircular ve loc i ty .  
These terms damp t h e  vehic le ' s  t r a j e c t o r y  i n  such a way t h a t  t h e  vehicle 
does not  skip out of t h e  atmosphere or exceed specif ied accelerat ion 
limits. 
have a high value of feedback gain at  v e l o c i t i e s  l e s s  than l o c a l  c i r c u l a r  

Range input,  t h e  third-order term of t h e  control  system, must 

I 
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v e l o c i t y  t o  insure that range e r r o r s  a r e  zero by t h e  end of t h e  t ra jec tory ,  
and t h e  range feedback gain must have a l o w  value a t  higher v e l o c i t i e s  t o  
insure a s t a b l e  response. 

The study of an L/D = 0.5 vehicle  enter ing a t  v e l o c i t i e s  40 percent 
above l o c a l  c i r c u l a r  with a maximum accelerat ion of log indicates  that 
using only constant gain rate-of -climb measurements f o r  control l ing 
r e s u l t s  i n  a usable en t ry  corr idor  of 30 miles out of t h e  40 miles a v a i l -  
a b l e .  
t r a j e c t o r y )  inputs gives a maximum usable corr idor  of about 38 miles, but 
t h e  a c t u a l  t r a j e c t o r y  o s c i l l a t e s  about t h e  reference t r a j e c t o r y .  
t h e  accelerat ion and rate-of-climb inputs r e s u l t s  i n  a maximum usable 
corr idor  depth of about 37 miles and t h e  vehicle  i s  on the  reference 
t r a j e c t o r y  by t h e  time it i s  near c i r c u l a r  ve loc i ty .  

L/D 

Using only constant gain accelerat ion e r r o r  (about a reference 

Combining 

The a t ta inable  downrange increment i s  about 1,000 miles within a 
25-mile corr idor  depth and 2,000 miles within a 10-mile corr idor  depth i f  
t h e  constant range input gain i s  used only a t  v e l o c i t i e s  below c i r c u l a r .  
I n  addition, i f  a low value of range input gain i s  used above c i r c u l a r  
velocity,  t h e  a t ta inable  downrange increment i s  about 3,000 miles within 
a 25-mile corr idor  depth and 4,000 miles within a 10-mile corr idor  depth. 

Design reference t r a j e c t o r i e s  t h a t  skip up t o  t h e  edge of t h e  
atmosphere i n  order t o  extend the  range have sens i t ive  control  problems 
and decrease usable corr idor  depth. Design reference t r a j e c t o r i e s  which 
s t a y  well within the  atmosphere provide l a r g e r  usable corr idor  depths. 

Ames Research Center 
National Aeronautics and Space Administration 

Moffett Field,  C a l i f . ,  Aug. 24, 1962 



LlX3ARIZED EQUATIONS FOR MOTION ABOUT A REE'ERFNCE TRAJECTORY 

A n  approximate form of t h e  t r a j e c t o r y  dynamics about a reference 
t r a j e c t o r y  can be obtained by a l i n e a r i z a t i o n  of t h e  following Chapman 
equation from reference 15. 

By l e t t i n g  Dz", D Z ' ,  and Dz denote t h e  changes away from a reference 
t ra jec tory ,  we can wr i te  equation ( A l )  i n  t h e  following manner: 

Now l inear iz ing  t h i s  equation by neglecting AZ2 compared t o  Z&f 
changes t h e  equation t o  

This i s  a l i n e a r  d i f f e r e n t i a l  equation i n  Dz with var iable  coef f ic ien ts .  
The l e f t  s ide  of t h e  equation contains t h e  "charac te r i s t ic  equation" which 
determines dynamics of the  t r a j e c t o r y  about t h e  reference t r a j e c t o r y  
described on t h e  r i g h t  
L/D = (L/D)ref 
t r a j e c t o r y  and can be s e t  equal t o  zero. 

The r i g h t  s i d e  of t h e  equation with 
i s  i d e n t i c a l  t o  the  Chapman equation f o r  t h e  reference 

Since - TiZref  = A r e f  and t h e  influence of l /E2  i s  s m a l l  during 
most of t h e  t r a j e c t o r y  compared with (1 - Ti2)/E2Z2 t h e  equation becomes: 
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This equation 
(note t h a t  dE i n  
t r a j e c t o r y )  : 

r 

can be wr i t ten  i n  standard operator notat ion as follows: 
eq. ( A l )  i s  negative during so lu t ion  of an e n t r y  

The dynamics described by adding various types of control  input, 
A(L/D) , w i l l  be discussed i n  the  following sec t ions .  

CONSTANT L/D 

With the  L/D held constant during an en t ry  t r a j e c t o r y  there  i s  no 
A(L/D) introduced s o  t h a t  t h e  c h a r a c t e r i s t i c  equation becomes: 

The frequency and damping at l o c a l  points  along t h e  t r a j e c t o r y  from t h i s  
second -order equation a r e  approximat e l y  : 

Damping 

I radians/unit  of E 

Natural frequency 

The important fea tures  t o  be noted here a r e  t h a t  t h e  damping (25%) i s  
small and increases with decreasing veloci ty ,  and t h a t  spring constant 
(Wn2) i s  posi t ive,  and thus the  system i s  s tab le ,  when U < 1. 

Figure 29 presents t y p i c a l  dynamics of a vehicle  flown a t  constant 
L/D f o r  a subcircular t r a j e c t o r y .  
tends t o  o s c i l l a t e  around an equilibrium g l i d e  t r a j e c t o r y .  
of the  vehicle away from equilibrium g l i d e  t r a j e c t o r y  ( f i g .  29(b)) as 
calculated by Chapman equation ( A l )  and as calculated by t h e  l i n e a r  
approximation of equation ( A h )  a r e  i n  f a i r l y  good agreement. 
ment becomes worse, however, as t h e  t r a j e c t o r y  ge ts  f a r t h e r  away from t h e  
reference so  t h a t  

A s  shown i n  f i g u r e  29(a) the  vehicle 
The dynamics 

The agree- 

AZ2 i s  no longer small compared with ZSef. 
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A reference equilibrium g l i d e  t r a j e c t o r y  can be approximated by 
simplrifying t h e  r i g h t  s ide  of equation (A3)  which mathematically describes 
t h e  reference t r a j e c t o r y .  I n  reference 1.5 it i s  noted t h a t ,  s ince f o r  
equilibrium gl ide  Z$& and Z;,f a r e  e s s e n t i a l l y  
smaller than (1 - T?)/Zref,  t h e  r i g h t  s ide  of t h e  
well-known approximation for equilibrium g l i d e  : 

I 

zero and Zyef i s  much 
equation reduces t o  t h e  

For the  p a r t i c u l a r  case of an equilibrium g l i d e  reference t r a j e c t o r y  t h i s  
value of Aref can be subs t i tu ted  i n t o  the  c h a r a c t e r i s t i c  equation so  
t h a t  : 

Damping 

Natural frequency 

wn2 z w, (radians/unit  of 
1 - 52 

T h i s  shows t h e  i n t e r e s t i n g  f a c t  t h a t  during a constant entry, 
t h e  damping ( 2 5 ~ ~ )  of these long-term motions i s  independent of L/D but 
the  n a t u r a l  frequency of o s c i l l a t i o n  with respect t o  ve loc i ty  i s  d i r e c t l y  
proportional t o  L/D. 

L/D 

M T E  -OF -CLIMB CONTROL 

The Z function method ( r e f .  15) expresses r a t e  of climb as: 
1; = (EZ '  - Z ) ,  f p s .  The use of rate-of-climb e r r o r s  with respect 
t o  the  reference t r a j e c t o r y  i n  control l ing 
following manner : 

L/D i s  considered i n  t h e  

The A(L/D) can be subs t i tu ted  i n t o  equation (Ah) so  t h a t  

and a t  each l o c a l  point along t h e  t ra jec tory ,  t h e  damping and na tura l  
frequency can be approximated by: 
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25% =. E 1 - XI &?, radians/unit  of ii 

Natural frequency 

From this approximate solut ion t h e  important f e a t u r e  of control  by 
rate-of-climb e r r o r s  can be noted; t h e  gain Kl must be negative i n  order 
t o  damp t h e  t r a j e c t o r y  motion. I n  turn,  this will increase the  n a t u r a l  
frequency. This increase i n  ~ n 2  i s  very s l i g h t ,  however, f o r  gains on 
the  order of those t o  give near c r i t i c a l  damping ( (  zz 1) s o  t h a t  r a t e  
of climb i s  e s s e n t i a l l y  a f i r s t - o r d e r  feedback quantity,  a f fec t ing  the  
damping only. 

ACCELERATION CONTROL 

The Z funct ion method ( r e f .  15) expresses accelerat ion as 
A = - a a, g units. 
t h e  reference t r a j e c t o r y  i n  control l ing L/D i s  considered i n  the  
following manner : 

The use of accelerat ion e r r o r s  with respect t o  

A(L/D) = = - K ~  & nz 
The A(L/D) can be subs t i tu ted  i n t o  equation (Ab) s o  t h a t ,  

s2 + = s  1 + P r  - Kz) = 0 
U 

and a t  each l o c a l  point along the  t r a j e c t o r y  t h e  damping and frequency can 
be approximated by: 

Damping 

1 2(wn = =, radians/unit  of u 
U 

Frequency 

' 

__ . . .. .... . .. . _. . I. 1.1 I 
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From t h i s  approximate solut ion t h e  important fea tures  of control by 
accelerat ion e r r o r s  can be noted: a negative value of gain K2 will 
increase t h e  n a t u r a l  frequency (m2) and w i l l  not a f f e c t  the  damping 
(e(%) along t h e  t ra jec tory .  

RANGE CONTROL 

The Z function method ( r e f .  15) expresses range as: 

The use of range e r r o r s  with respect t o  t h e  reference t r a j e c t o r y  i n  
control l ing L/D i s  considered i n  t h e  following manner: 

Neglecting AZ2 compared t o  ZSef th is  becomes 

The A(L/D) can be subs t i tu ted  i n t o  equation (Ab) and t h e  motion a t  
l o c a l  points along t h e  t r a j e c t o r y  (i . e .  , Z:ef du << Zref)  can be 
approximated by t h e  following third-order equation: 

From this approximate solution, t h e  important fea tures  of control  
by range e r r o r s  can be noted: The range-input term r e s u l t s  i n  a t h i r d -  
order control  system. A s  with any third-order  control  system, the  gain 
can be made la rge  enough t o  cause the  system t o  become unstable.  The 
s t a b i l i t y  c r i t e r i o n  (i .e .  , Routh's method) i s  t h a t  t h e  system will be 
unstable when : 

K3 > ,zE2 (y) 5280 

A s  shown i n  t h e  t e x t ,  feedbacks other than range control  alone (i .e. ,  
accelerat ion and r a t e  of climb) w i l l  add more inner loop damping t o  t h e  
system and allow a l a r g e r  range gain than t h e  one described here f o r  
range input alone. 
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Rate o f - c l imb  Acceleration Range 

Figure 1.- Block diagram of simulated entry equation. 



Trajectory motions 

Figure 2.- Block diagram of simulated control system. 
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Figure 3.- Defini t ion of corridor depth. 
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